International Journal of

HEAT AND
" FLUID FLOW

ELSEVIE International Journal of Heat and Fluid Flow 21 (2000) 735-739

www.elsevier.com/locate/ijhff

Effect of viscous plane stagnation flow on the freezing of fluid
Joo-Sik Yoo *

Department of Mechanical Engineering Education, Andong National University, 388 Songchun-dong, Andong, Kyungpuk 760-749, South Korea
Received 30 April 1999; accepted 29 April 2000

Abstract

This article investigates the phase-change problem from liquid to solid in the viscous plane stagnation flow. The solution at the
initial stage of freezing is obtained by expanding it in powers of time, and the final equilibrium state is determined from the steady-
state governing equations. The effect of the stagnation flow on the pure conduction problem can be clearly seen from the explicit
analytic solutions, and the characteristics of the growth of solid and the transient heat transfer for all the dimensionless parameters
are elucidated. © 2000 Elsevier Science Inc. All rights reserved.
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1. Introduction

Well-known forced flows which have exact solutions in-
clude the von Karmdn swirling flow induced by an infinite
rotating disk and the stagnation flow on an infinite plane
(Schlichting, 1979). Yoo (1991, 1997) first considered the
phase-change problem for the von- Karman swirling flow, and
investigated the transient heat transfer in both solid and liquid
phases and the freezing rate. Subsequently, Rangel and Bian
(1996) and Yoo (1999) investigated an inviscid stagnation-flow
solidification problem, while Bian and Rangel (1996) also
studied a viscous stagnation-flow solidification problem.

In the present study, we consider the viscous plane stag-
nation-flow solidification problem (Fig. 1). Initially, the fluid is
kept at a uniform temperature (7y). The temperature of the
substrate is suddenly lowered below the freezing temperature
and maintained constant (7¢). As a result, solidification occurs
at the surface of the substrate and the solid grows with time.
We obtain dimensionless governing equations which are ex-
pressed with four dimensionless parameters of Pr, 0r /Kg, Ste,
and oy, and the characteristics of the growth of solid and the
heat transfer for all the variables are elucidated from the ex-
plicit analytic solutions at the initial stage of freezing and the
final equilibrium state.

2. Analysis
2.1. Governing equations
We assume that the thermophysical properties of solid and

liquid phases are constant. The governing equations are
described as follows (Yoo, 1991) :
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In Eq. (2), v(y;¢) is the velocity component in the direction
normal to the solid. In the viscous plane stagnation flow
(Hiemenz flow: Schlichting, 1979), the velocity is expressed
as

o(yit) = —VAvp(&7), &= \/A%% T=At 5

The heat fluxes at the surface of solid (QOs) and the liquid side
of solid-liquid interface (Qy) are defined as
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Let us introduce the following dimensionless variables:
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S OCL)@ S TF_Tcy L TF_TH ()

0142-727X/00/$ - see front matter © 2000 Elsevier Science Inc. All rights reserved.

PII: S0142-727X(00)00059-X



736 J.-S. Yoo | Int. J. Heat and Fluid Flow 21 (2000) 735-739

Notation Xeq solid thickness at equilibrium state
y axial coordinate
A potential flow strain rate Greeks o . o
by, b constants in the expression of dimensionless s, oL therma} diffusivity of solid and liquid,
solid thickness respectively o
Cs specific heat of solid oR ratio of thermal dlfqumty, os /o
Ks, K1 thermal conductivity of solid and liquid, o(1) dimensionless  solid  thickness,  d(7) =
respectively [A]o X (1) ) ] o
K ratio of thermal conductivity, Ks /K Oeq dimensionless solid thickness at equilibrium
L latent heat state o
Pr Prandtl number, v/ 0:(7) dimensionless solid thickness, /4 /vX (¢)
Os(1) heat flux at the surface of solid ¢ dimensionless axial coordinate, \/A/ory
OL(1) heat flux at the liquid side of solid-liquid n transformed coordinate, {/d(z)
interface oL dimensionless temperature in liquid region,
Osteady steady-state heat flux, Os(f) = Ov(f) = Osteady at (TL — Tu)/(T¢ — Tn)
t — 00 Os dimensionless temperature in solid region,
Ste Stefan number, Cs(7¢ — Tc)/L (Ts — Tc) /Ty — Tc)
Ts, Ty temperature distributions in solid and liquid Or ratio of temperature, (Ty — Tr)/(Tx — Tc)
phases, respectively dOy (0:)/d¢ steady-state temperature gradient at the liquid
Tc cold temperature of solid surface side of interface
T freezing temperature of liquid v kinematic viscosity
Ty initial hot temperature of liquid 4 dimensionless axial coordinate, \/A/vy
t time p density
v(y, 1) axial velocity component of fluid o growth parameter in Neumann problem
X(1) thickness of solid layer T dimensionless time, 4¢
Egs. (1)-(4) are written as n=—— (14)

05 05

a—(}(]{aicz at0<é’<5, (9)
[ T Y 00 _ %0,

» P2 [P (0= 6)] T at { > 4, (10)
s O 00, 1 do B

WK amSeds PO (11)

GS:O atCZO,

0L203t€—>007 (12)

where

5t =L x ) (13)
oL

denotes the dimensionless solid thickness. It is assumed that
6(0) =0.

Let us introduce the following coordinate transformation to
fix the moving boundary of the position of solid-liquid inter-
face { =o(7) at = 1:

R v, Tu
Liquid
(Solid front) T
Solid X(t)\
Substrate 7::

Fig. 1. Plane stagnation flow ahead of a solidifying interface.
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2.2. Initial stage of freezing and final equilibrium state

The initial temperature of the liquid region is uniform and
is equal to Ty. Once the temperature of the substrate has been
lowered to Tc(< Tr), phase change from liquid to solid occurs
at the surface of the solid, and the temperature front (at which
T = Ty) moves into the liquid region as time proceeds. For the
initial stage of freezing (t < 1), the temperature front is close
to the solid-liquid interface, and the dimensionless velocity
field near the wall (£ = J;) is approximated as

pen ="

where ¢"(0) = 1.232588 (Dorrepaal, 1986).

We assume that the fluid flow is quasi-steady for small time
of the initial-stage freezing. This assumption is similar to that
of quasi-stationarity used in the numerical computation, which

(E—0:)7 até>o, (19)
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assumes that the convection is in a steady state at every time
step (Benard et al., 1986). Under these assumptions, the initial
stage solutions, 0s1.(t,7) and J(t), can be expanded in powers
of time (Yoo, 1991, 1999):

Os.(,n) = 05 () + 05 (M) +---, (20)

(1) =bot+ b1t 4. (21)

Substitution of Egs. (19)-(21) into Eqgs. (15)—(18) yields
equations for O(z°) and O(z*?), and the solutions are deter-
mined explicitly as shown in Appendix A.

The equilibrium state is determined from Egs. (1)-(4) with
0/0t = 0. The equilibrium solid thickness (Xq) is found from the
energy balance at the interface (Eq. (3) with dX /ds = 0). It gives

where the temperature gradient at the liquid side of the in-
terface, dfy(d:)/d¢, is a function of Pr obtained from the
following equation:

d*o, do,
d—éz—Praﬁ(i—és)—fO (23)

d¢
with the boundary conditions
Ob=1 até=0;, OL=0 até— oo. (24)

3. Results and discussion

In the initial stage of solidification, the thickness of the
solidified layer d(t) is approximated as Eq. (21), where the first
term (byt) represents the pure conduction solution of Neu-
mann and the second (b;t%?) is created by the fluid flow.
Calculation shows that »; has negative values in all cases,
which reveals that the fluid flow toward the substrate inhibits
the solidification process. The effect of the fluid flow on the
growth rate of the solid can be seen from the expression

X (1) = 4azocst[1 — |by /bo| (40)?], (25)

in which the term —|b; /bo|(At)** represents the magnitude of
the effect of the fluid flow on the pure conduction problem.
The values of by, —b; and —(b1/by) as functions of
Pr, Or /KR, Ste, and agr are presented in Fig. 2.

At first, the effect of Prandtl number on the growth rate of
solid is investigated (Fig. 2(a)). From the solution of O(7%/?),
we can see that the magnitude of b, is inversely proportional to
V/Pr, which shows that the solidification rate is more strongly
affected by the fluid flow in the case of a fluid with smaller
Prandtl number. This is because the thickness of velocity
boundary layer is proportional to /v.

Second, Fig. 2(b)—-(d) represent the effect of temperature
ratio and conductivity ratio, Stefan number, and diffusivity
ratio on the growth rate of solid. The magnitude of —(b;/by) is
increased, as Or /Kr, Ste or og increases. This reveals that as
the initial liquid temperature, conductivity of liquid, Stefan
number, or diffusivity ratio becomes larger, the solidification
rate is more strongly affected by the fluid flow.

Eq. (22) shows that the upper limit X, is independent of Ste
and og. The steady-state temperature gradient [—df.(d;)/d¢]
as a function of the Prandtl number is plotted in Fig. 3, which
shows that [—d0y (J:)/d¢{] is an increasing function with respect
to Pr. It was observed that the temperature gradient of
F=—d0.(5:)/d¢ could be closely approximated as
F=0.57P%% for Pr<1, and F =0.57 P for Pr> 1,
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Fig. 2. Effect of several parameters on the growth rate of solid: (a)
effect of Prandtl number (Pr) with og = Or /Kr = 1 and Ste = 0.1; (b)
effect of temperature ratio (0x) and conductivity ratio (Kgx) with
or = Pr=1 and Ste =0.1; (c) effect of Stefan number (Ste) with
o = Pr="0r/Kr =1; (d) effect of diffusivity ratio (agr) with
Pr= GR/KR =1 and Ste = 0.1.
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Fig. 3. Steady-state temperature gradient at the liquid side of solid—
liquid interface, —df.(d;)/d¢, as a function of the Prandtl number
(Pr).

within 5% error. And from Eq. (22), we can see that X.q is a
decreasing function of Pr.

The transient behavior of the heat fluxes, Os(7)/Qseady and
OL(7)/Osteady, for several parameters is shown in Figs. 4-6. At
first, Fig. 4 shows that as Pr increases, both Os(t)/Oseady and
O1.(7)/Osieady are increased, that is, the response time of heat
transfer in both solid and liquid phases is increased. The
general trend of Oy (7)/Oseady for Prandtl numbers shown in
Fig. 4(a) is similar to that of the case when there is no phase
change (Chao and Jeng, 1965; Sano, 1981). However, the
characteristics for the heat fluxes are different from those



738 J.-S. Yoo | Int. J. Heat and Fluid Flow 21 (2000) 735-739

w

Pr=100

N
TN TR T T T T B |

AW‘ 2
O
or‘_‘o"
o)
Q
= 1 Pr=0.01
O T T T T L T [I;iqmld] O T T T T T T T [ISOIiId]
-3 -2 -1 -3 -2 -1
(a) Log(T) (b) Log(7)

Fig. 4. Transient heat fluxes at the surface of solid (Qs) and the liquid
side of solid-liquid interface (Qp) for several values of Pr with

OR = GR/KR =1 and Ste = 0.1: (a) QL(‘C)/Qslcady; (b) QS(T)/Qslcady-
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Fig. 5. Transient heat fluxes at the surface of solid (Qs) and the liquid
side of solid-liquid interface (Qy) for several values of O /Kr with

or = Pr=1and Ste = 0.1: (a) OL(1)/Oscady; (b) Os(1)/Ostcady-
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Fig. 6. Transient heat fluxes at the surface of solid (Qs) and the liquid
side of solid-liquid interface (Qy) for several Stefan numbers (Ste) with
or = Pr=0xr/Kr =1, and Qy for the case with no phase change: (a)
QL(T)/Qsteady; (b) QS(T)/Qsleady~

observed in the rotating-disk-revolving system, in which the
minimum in response time occurs around Pr = 1 (Yoo, 1997).

For 0r /Kr (Fig. 5), both QOs(7)/Osteady and O (t)/Osteady are
decreased with increased value of 0gr /Kg, since the maximum
solid thickness (deq) that can be grown is inversely propor-
tional to Or /KR.

Finally, Fig. 6 shows the dependency of the heat fluxes on
Ste. When phase change is present, Q1 (7)/QOseady is larger than
that for the case with no phase change and the difference in-

creases with increase of Ste. The dependency of the heat fluxes
on the variable ag showed the same characteristics as that for
Ste.

In summary, the transient solution of the dimensionless
governing equations is dependent on the four dimensionless
parameters of Pr, Or /Ky, Ste, and og, but the equilibrium
state is dependent on only the two parameters of Pr and
Or /KR.-

Appendix A

Equations for O(z°):
&0y by dO}

—4+—n——>=0 at0 1 Al
dn2+2aRnd11 atb<n<i, (A1)
d&*0) by dO°

—n——=0 at 1 A2
ar t2 atn > 1, (A2)
doy  Ox do} by
O TR I T 2mse 1D (A3)
03(0) =0, 65(1)=0i(1)=1, 0Oy(cc)=0. (A4)

Equations for O(t/?):
dn?2 2oy g dy  2ap ST dog 1 dn =
(A.5)

d*0, by dO}  3bg

ap 2@y 2

$"(0) —(1/2) .3/2) 2 5b dO(I)‘
= | 2 A B 1) - 20 | S a1,
|: P o (n ) 4 n ay n
(A.6)
doy 0k do; 5b,
i =1 A
dn  Kg dy  dog Ste atn =1, (A7)
04(0) = 04(1) = 6} (1) = 0} () = 0. (A8)

The solution of Egs. (A.1)~(A.4) for O(z°) is the Neumann
solution (Carslaw and Jaeger, 1959):

_erf(an)
S(n) = o) (A.9)
o, erfe(ay/arn)
0.(n) = arfe(oym) (A.10)
exp(—o0?) Oryog exp(—o’ar) /Mo
erf(6)  Kperfc(oyom)  Ste’ (A1)
by = 46%ag. (A.12)

The solution of Egs. (A.5)—(A.8) is found with a homoge-
neous solution of the form

3
us(n) =1’ + 551, (A.13)
3 3
ur(n) =n’ + 200 (A.14)
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The solution is

05(n) = —us(n)/ biCigty

)
, exp (@)l (A.15)

1oy "(C3/VPr)f (n) + biCah(n) + Cq
o =t |
where the functions f(1), g(1), and A(n) are defined as

6
25 1 3 4 J 3,
=L _Z 1 —
Sl = =3n +4( T2 )T T Pa T Vi T
5 3 5 3

_n.n .,
g =%5+55, hl)=73 + ot
The constants b, and C;—C, are determined explicitly by
boundary conditions (A.7) and (A.8). The processes are
straightforward, and the detailed equations are omitted for
brevity.

dp,  (A.16)
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